CONVERGENCE RATES IN A WEIGHTED FUCIK PROBLEM 



ARIEL M. SALORT 



Abstract. In this work we consider the Fucik problem for a family of weights 
depending on e with Dirichlet and Neumann boundary conditions. We study 
the homogenization of the spectrum. We also deal with the special case of 
periodic homogenization and we obtain the rate of convergence of the first 
non-trivial curve of the spectrum. 



1. Introduction 

Given a bounded domain f2 in WL N , N > 1 we study the asymptotic behavior as 
e — > of the spectrum of the following asymmetric elliptic problem 

(1.1) -A p u £ = a e m e {utf- 1 - ( 9 £ n e (uj) p - 1 in Q 

either with homogeneous Dirichlet or Neumann boundary conditions. 

Here, A p u = div(\ V«| p ~ 2 Vu) is the p— Laplacian with 1 < p < oo and u ± := 
max{±u, 0}. The parameters a e and f3 £ are reals and depending on e > 0. We 
assume that the family of weight functions m E and n E are positive and uniformly 
bounded away from zero. 

For a moment let us focus problem (1.1) for fixed e > with positive weights 
m(x), n(x): 

(1.2) -A p u = am(x)(u+) p - 1 - /3ra(a:)(0 P ~ 1 in O 
with Dirichlet or Neumann boundary conditions. 

Consider the Fucik spectrum defined as the set 

S(m, n) := {(a, (3) <E R 2 : (1.2) has a nontrivial solution}. 

Let us observe that when r = n = m and A = a = f3, equation (1.2) becomes 

(1.3) -A p u = \r\u\ p - 2 u in Q 

with Dirichlet or Neumann boundary conditions, which is the eigenvalue problem 
for the p— Laplacian. These has been widely studied. See for instance [2, 10, 16, 13] 
for more information. 

It follows immediately that S contain the lines Xi(m) x R and Rx Ai(n). For this 
reason, we denote by S* = E*(m, n) the set E without these trivial lines. Observe 
that if {a, j3) € E* with a > and /3 > then Ai(m) < a and Ai(n) < /3. 
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The study of problem (1.2) with Dirichlct boundary conditions have a long his- 
tory that we briefly describe below. The one-dimensional case with positive constant 
coefficients (i.e., m,n G K + and p = 2) was studied in the 1970s by Fucik [17] and 
Dancer [11] in connection with jumping nonlincarities. Properties and descriptions 
of the first non-trivial curve on the spectrum of (1.2) on ~R N for the general case 
(p 7^ 2) without weights can be found in Cuesta, dc Figueiredo and Gossez [10], 
Dancer and Perera [12], Drabek and Robinson [15], Perera [27]. 

The case with positive weights m(x) and n(x) was recently studied, see for 
instance Rynne and Walter [28], Arias and Campos [3], Drabek [14], Reichel and 
Walter [24]. For indefinite weights m(x) and n(x) see Alif and Gossez [1], Leadi and 
Marcos [23]. 

The main problem one address is to obtain a description as accurate as possible 
of the set £*. In the one-dimensional case, p = 2, without weights this description 
is obtained in a precise manner: the spectrum is made of a sequence of hyperbolic 
like curves in IR + xIR + , see for instance [18]. When m{x) and n(x) are non-constants 
weights, in [1] it is proved a characterization of the spectrum in terms of the so- 
called zeroes-functions. 

In M. with TV > 1 and Dirichlet boundary conditions, only a full description of 
the first nontrivial curve of S is known, which we will denote by C\ = Ci(m, n). 

Assuming that the weight functions m, n are positive and uniformly bounded, in 
[4] (see Theorem 33) is proved that C\ can be characterized by 

(1.4) C 1 = {(a(s),P(s)),s€m+} 
where a(s) and /3(s) are continuous functions defined by 

(1.5) a(s) = c(m, sn), (3(s) = sa(s) 
and c(-, •) is given by 

A(u) 

(1.6) c(m,n) = inf max — -— . 

~t€Tuej(i) B(u) 

where / := [—1, +1]. Here, the functionals A and B are given by 

(1.7) A(u)= ( \Vu\ p dx, B m , n = ( m(x){u + Y +n{x)(u-fdx, 

Jn Jn 

with 

r = { 7 G C([-l, +l],W^(Q)) : 7 (-l) > and 7 (1) < 0}. 

In [4] (see Proposition 34) some important properties of the functions a(s) and 
/3(s) are proved. Namely, both a(s) and /3(s) are continuous, a(s) is strictly de- 
creasing and /3(s) is strictly increasing. One also has that a(s) +oo if s — >• and 
/3(s) — > +oo is s — > +oo. 



Having defined these previous concepts and definitions, let us back to problem 
(1.1). 

Homogenization of the spectrum of elliptic operators was extensively studied in 
the last years. The case of the eigenvalues of the weighted p— Laplacian operator in 
periodic settings, i.e., —A p u e = p e \u e \ p ~ 2 u e with Dirichlet boundary conditions and 
p £ = /9(f), p being a Q-periodic function with Q the unit cube in R^, together with 
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a family of more general problems it was studied for instance by [8] , [9] , [20] , [22] , [26] 
in the linear case (p = 2) and by [6], [7], [21] in the non-linear case (p ^ 2). 

Up to our knowledge, no investigation was made in the homogenization and 
rates of convergence of the Fucik Spectrum. We are interested in studying the 
behavior as e — > of problem (1.1) when m e {x) and n £ (x) are general functions 
depending on e, and in the special case of rapidly oscillating periodic functions, i.e., 
m £ (x) = m(x/e) and n e (x) = n(x/e) for two Q— periodic functions m, n uniformly 
bounded away from zero (see assumptions (2.1)), Q being the unit cube of R w . 

Our main aim is to study the limit as e — > of the first nontrivial curve in the 
spectrum S £ := E(m 6 ,n £ ), say Cf = {(a e (s),j3 s (s)),s € R + }. We wonder: there 
exists a limit curve C\ = {(ao(s), /3o(s)), s £ R + } such that 

Cf^d, ase->0? 

Can this limit curve be characterized like a curve of a limit problem? We will see 
that the answer is positive. 

Therefore, a natural question arises: can the rate of convergence of C\ be esti- 
mated? I.e., can we give an estimate of the remainders 

\a e (s) - a (s)\ and |/3 e (s) - /3 (s)|? 

We give positive answers to these questions in the periodic setting. In fact, in 
Theorem 2.6 we obtain the bounds 

\a £ (s) - a (s)\ < c(1 + s)t(s)e, \p e (s) - p {s)\ < cs(l + s)t(s)e, s e R + 

where c is a constant fully determined which is independent of s and e, and r is a 
explicit function depending only of s (see (2.7)). 

Particularly, for the limit values of the coordinates, we get 

\a™-a%>\<ce, |&° - $°\ < ce 

where af = lim a E (s), ag° = lim «o(s), /3° = lim (3 E (s), /3q = lim /3o(s) and c 

s— »oc s—toc s— >oo s— >oo 

is independent of s and e. 

2. The results 

Let fi C M. N be a bounded domain and e a real positive number. We consider 
functions m e ,n £ such that for constants m_ < m + ,n„ < n + 

(2.1) < TO_ < m £ (x) < m + < +oo and < ri_ < n £ (x) < n + < +oo. 

Also, we assume that there exist functions mo(i) and no(x) satisfying (2.1) such 
that, as e — s- 0, 

, , m £ {x) -± m (x) weakly* in L°°(Q.) 

^ ' ' n £ {x) n (x) weakly* in L°°(f2). 

First, we address the problem with Dirichlet boundary conditions. 

When e — > the natural limit problem for (1.1) is the following 

^ ^ {-A, p u Q = a a m (x)(u^) p - 1 - (3ono(x)(u^) p ~ 1 in fl 

1 u = on dtt 

where mo and uq are given in (2.2). 
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The main result is the following: 

Theorem 2.1. Let m £l n e satisfying (2.1) and (2.2). Then the first non-trivial 
curve of problem (1.1) 

C £ :=Ci(m e ,n £ ) = {a £ (s),(3 £ {s),se R+} 
converges to the first non-trivial curve of the limit problem (2.3) 

C := Ci(ro , n ) = {a {s), (3 (s) 7 s e R + } 
as e — > in the sense that a s (s) — > ao{s) and /3 e (s) — > /?o(s) Vs € R + . 
Remark 2.2. Let us consider the weighted p— Laplacian problem 

j-A p u = Xr £ (x)\u\ p ~ 2 u in ft 
I u = on <9f2 



(2.4) 



where r e is a function such that r e (x) — 1 r(x) weakly* in L°°(Q) as e tends to zero. 
It is well-known that the first eigenvalue of (2.4) converges to the first eigenvalue of 
the p— Laplacian equation with weight r(x), see for instance [6]. The fact that the 
trivial lines of E e are defined by Ai(m £ ) x R and R x Xi(n £ ) it allows us to affirm 
the convergence of the trivial lines to those of the limit problem. 

Remark 2.3. Using the variational characterization of the second (variational) 
eigenvalue of [4], Theorem 2.1 implies the convergence of the second (variational) 
eigenvalue of (2.4) to those of the limit problem, which recover result recently 
proved in [21] for the case of the weighted p— Laplacian. However, the results in 
[21] consider a more general class of quasilenar operators and e-dependence on the 
operator as well. 

In the important case of periodic homogenization, i.e., when m £ (x) = m(x/e) 
and n e (x) = n{x/e) where m and n are Q— periodic functions, Q being the unit 
cube in R w , we have that mo = m and uq = n are real numbers given by the 
averages of m and n over Q, respectively. Consequently, the limit problem (2.3) 
becomes 

J -A p u = a m(u^) p ^ 1 - /3 n(u ") p ~ 1 in ft 
I wq = on dfl. 



(2.5) 



In this case, besides the convergence of the curves given in Theorem 2.1 and Remark 
2.2, we obtain the convergence rates. 

First, by using the variational characterization of the first eigenvalue of (2.4) we 
analyze the trivial lines of S e : 

Theorem 2.4. Let m e ,n e weights satisfying (2.1) and (2.2) given in terms of 
Q— periodic functions m,n in the form m £ (x) = m(-) and n £ {x) = n{-). Let us 
denote byX\{m £ ), X\{n £ ), Ai(m) and Ai(n) to the first eigenvalue of equation (2.4) 
with weight m £ , n £ , fh and n, respectively. Then 

|Ai(m £ ) - Ai(m)| < C m e, |A x (n E ) - Ai(n)| < C n e, 

with C m given by 

i — +i 

C m = pCl|jm - TO|| L oo( R JV)(TO + ) 1/p (TO_) _ P _2 ^f , 

where [i\ is the first eigenvalue of the Dirichlet p— Laplacian and c\ < \[N /2. 
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Remark 2.5. From Theorem 2.4 it follows the convergence rates of the trivial lines 
of E e : if p e e Ai(m E ) x R, we get 

be - Pol < C m e, 

where po belongs to the line Ai(m) x R. Analogously for p t Glx Ai(n e ). 

Related to the first nontrivial curve of E E we obtain: 

Theorem 2.6. Under the same considerations of Theorem 2.1, if the weights m e 
and n e are given in terms of Q— periodic functions m, n in the form m E {x) = m(|) 
and n e (x) = n(j ), for each s € R + , we have the following estimates 

(2.6) \a e (s) -a (s)\ < c(l + s)r(s)e, |/3 e (s) - [3 (s)\ < cs(l + s)t(s)e 

where c is given explicitly by 

pc x c v ~ Y max{||m - to|| l ^ (r jv), \\n - n|| i oo (R N ) }(min{TOl 1 , nl 1 }/^) 2 



p 

where c\ and c p are the Poincare's constant in i 1 (Q) and L p (Tt), respectively, \ii 
is the second Dirichlet p— Laplacian eigenvalue in Q and r is defined by 



(2.7) r( S ) 



1 s > 1 

s -2 s < 1. 



Remark 2.7. According to Proposition 34 and Proposition 35 in [4], when p < N 
the limits of a e (s),ao(s) as s — > oo and f3 E (s), (3 (s) as s — > can be character- 
ized in terms of the first eigenvalues of weighted p— Laplacian problems. Moreover, 
linis^oo a £ (s) = \i{m e ) and lim s ^.o /3 e (s) = Ai(?i e ). Similarly for ao and /3q. Con- 
sequently, by using the estimates obtained in Theorem 2.4, it is easy to compute the 
convergence rates in the limit cases when the periodic case is considered, namely 

lim \a e (s) - a (s)\ = |Ai(m E ) - Ai(m)| < C m e, 

s— >oo 

lim %{s) - A,(s)| = |Ai(n £ ) - Ai(n)| < C n e. 

Now we focus our attention on the Neumann boundary conditions case, i.e., we 
study the homogenization of the spectrum of the Fucik problem 



(2.8) 



-A p u = amix^u+y- 1 - /3n(x)(M~) p - 1 in Q 
J^=0 on da 



where du/drj = V« • r\ denotes the unit exterior normal. In Section 4 we study the 
limit problem associated to (2.8) and the homogenization of the first non-trivial 
curve of its spectrum. We obtain similar results to the Dirichlet case: in Theorem 
4.1 we study the convergence in general settings; in Theorem 4.2 we deal with the 
periodic case, obtaining convergence rates similar to those of Theorem 2.6. 



3. Proof of the Dirichlet results 



We begin with the proof of the Theorem 2.4. For that, we will use a technical 
result proved in [21] that is essential to estimate the rate convergence of the eigen- 
values since allows us to replace an integral involving a rapidly oscillating function 
with one that involves its average in the unit cube. 
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Theorem 3.1 (Theorem 3.4 in [21].). Let Q, be a bounded domain in R w , N > 1. 
Let g £ L°°(EL N ) be a Q— periodic function, being Q = [0, 1] N the unit cube in M. , 
such that < g~ < g < g + < +oo for g^ constants. Then 



(3.1) 



(9(f) -S)\u\ p 



<PCi\\9 - 9\\l° 



5«)e|l w llLP( 1 o)l|Vu||Lp(n) 



for every u G W ' P {Q) where 1 < p < +oo, fl C bounded domain and g := Jg g. 
Here, c\ is the optimal constant in Poincare's inequality in L l (Q) which satisfies 
ci < y/k/2. 

Remark 3.2. Sometimes it will be useful to use an inequality involving only the gra- 



dient. By using Poincare's inequality we can bound IMI^p^q) 



,p-i 



^P\ au J II v "II Lp(Q)- 

With the same assumptions of Theorem 3.1, it allow us to rewrite inequality (3.1) 

as 



(ff(f)-9)M P 



<Ce\\Vu\\l Piny 



where C = pc x c v - 



Proof of Theorem 2. 4: Ai(m) can be characterized variationally as 



(3.2) 



Ai(m) = inf 

rl,P 



S a W / n |V Ul | 



for some u\ G Wq' p {Q). We can bound 



(3.3) 



Ai(m s ) 



mmd 



o(l) 



inf 



By using Theorem 3.1, (2.1) and (3.2) it follows that 



In m \ui\ p 
J n m s \ui\P 



(3.4) 



< 1 



< 1 



cs 



ce 



(fnM\)^ (fn\Vui\ P )° 
J n m £ \ Ul \P 

rn i/p aMD^ (u^\ p y 



< 1 

where C = pci\\m — m||^ 



Ce 



Jo IV 



/ n m|ui|f 

< l + Ce(Ai(m) + o(l))p, 



ifi™l u il p , 

(R«)(™+) 1/p / TO -- 
By replacing (3.4) and (3.2), in (3.3) we get 

(3.5) Ai(m e )-Ai(m)<CeAi(m)*" 
In a similar way, interchanging the roles of Ai(m e ) and Ai(m) we obtain 

(3.6) \ 1 (m)-\ 1 (m £ )<Ce\ 1 (m E )p +1 . 
By using (2.1) immediately it follows that 

(3.7) max{Ai(m), Ai(m £ )} < (m-)~ fii, 
where \i\ is the first eigenvalue of the Dirichlct p— Laplacian. 

From equations (3.5), (3.6) and (3.7) it follows the result. 



□ 
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In the next Lemma we obtain upper bounds for the coordinates of the first curve 
of E*(m, n). 

Lemma 3.3. Let m,n satisfying (2.1) and let (a(s),/3(s)) £ C\{m, n). Then for 
each s G R + , 

a(s) < minjml 1 , nZ 1 }/^2'r(s), /3(s) < minimi 1 , nZ }h2St(s) 
with t defined by 



(3.8) r(s) 



1 s > 1 

s" 1 s < 1. 



where m_,n_ are given by (2.1) and \xi is the second eigenvalue of the p— Laplacian 
equation in £1 without weights and Dirichlet boundary conditions. 

Proof. Let s E M + . When the parameter s > 1 we can bound 

Ai(m) < a(s) < a(l) = c(m,n). 

Let A2(m) be the second eigenvalue of the problem (1.3) with weight m(x). 
It satisfies that a(l) < min{A2(m), \2(n)}. By using the assumptions (2.1) over 
mix), we can bound \2{m) by ^mZ. , where is the second eigenvalue of the 
p— Laplacian equation with Dirichlet boundary conditions on CI. Analogously for 
A2(n). We get 

(3.9) a ( s ) < a (l) < minimi 1 , nl 1 }/i2, s > 1 



A|(».i 



> 






s >1 


3 = 1 

/ 






/ 










/ 



















A, j A 2 (m £ ) 



Figure 1 . The first curve of the spectrum. 



When s < 1 the following bound holds for the second coordinate of C s 
(3.10) Ai(n) <(3(s) </3(l). 

By multiplying (3.10) by s _1 and by using that /3(s) = sa(s) we have 

s^Aifu) < a(s) < s" 1 /3(l). 
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Being a(l) = /3(1), it follows that 

(3.11) a(s) < s _1 a(l) < minimi 1 , nl 1 }^, s < 1. 

By using (3.9), (3.11) and the relation /3(s) = sa(s) the conclusions of the lemma 
follows. 

□ 

The following Proposition gives the monotonicity of c(-, •): 
Proposition 3.4 (Proposition 23, [4]). If m < rh and n < h a.e., then 

c(m, h) < c(m, n), 

where c(v) is defined by (1.6). 

In the next Lemma we obtain lower bounds for the coordinates of the first curve 
of S*(m, n). 

Lemma 3.5. Let m,n satisfying (2.1) and let (a(s), fJ(s)) € C{m,n). Then for 
each s £ I 1 , 

a(s) > \Cuj{s), (3(s) > Coj(s) 

with to defined by 



(3.12) 




s > 1 
s < 1 



where C is a positive constant depending only of the bounds given in (2.1). 

Proof. Let s E IR + . When the parameter s > 1 we can bound bellow 

/?0) > 13(1) = c(m,n), s>l. 
Using the relation /3(s) = sa(s) we obtain 

a(s) > s~ 1 c(m,n), s > 1. 
Similarly, when s < 1 we have 

a(s) > a(l) = c(to,ti), s < 1, 
and again, by the relation between a(s) and /3(s) we get 

P(s) > sc(m, n), s < 1, 
Using (2.1) and Proposition 3.4, we can bound bellow 

c(m,n) > c(m+,n+). 
and the result follows. □ 

Now we are able to prove Theorem 2.6. 

Proof of Theorem 2.6: For each fixed value of e > 0, by (2.1) together with the 
monotonicity of c(-, ■) provided by Proposition 3.4, we can assert that there exist 
two curves C 1 "(m+, n+) and Cj~(m_, n~) such that delimit above and below to the 
curve Cf(m £ ,n £ ). It follows that for each fixed value of s, a £ (s) and /3 e (s) are 
bounded. 



CONVERGENCE RATES IN A WEIGHTED FUCIK PROBLEM 



9 



Let (a £ ,/? £ ) be a point belonging to the curve Cf(m e ,n e ) and let (ao,/3o) be the 
point obtained when e — > 0. Let us see that it belongs to Ci(m, n). 

Fixed a value of e > and by using (1.6), the inverse of c(m e , n e ) can be written 

as 

(3.13) — — = sup inf B m „ e (u) 

c(m £l n e ) 76r «e 7 [-i,+i] 

where 

F = {7 £ C(I, H) : 7 (-l) > and 7 (1) < 0} 
for I := [-1,+1] and 

H = {u£ W^ p (n) : A{u) = 1} 
A and B being the functionals defined in (1.7). 

By (1.5) and (3.13) we have the following characterization for the inverse of a e (s) 

(3.14) — -— = — — = sup inf B meSne (u). 

a £ [s) c(m e ,sn e ) 76 r«67(-0 

Similarly, wc can consider an equation analog to (3.14) for the representation of 
the inverse of oto(s). Let S > and 71 (<5) £ F such that 

(3.15) — L_= inf B^ sfl {u) + 0{8). 
a (s) ueyi(i) 

In order to find a bound for a £ we use 71 6 Ti, which is admissible in its variational 
characterization, 

(3.16) — > inf ' B m me (u). 

a e (s) ue-n(i) 

As u £ W„- p (£l), it follows that (u + ) p and (u~)p belong to Wq' 1 ^). This allows 
us to estimate the error by replacing the oscillating weights by their averages by 
using Remark 3.2. For each fixed function u £ 7 i(J) we bound 

(3.17) B mt ,»n £ («) > B rTliS n{u) - C m £||Vu + |j^ p(f2) - C n £s||VM - ||£ p(sl) 

where c m and c m are the constants given in Remark 3.2. As u £ H wc have 
(3-18) HVu + |lk (n) < 1, ||V«-||^ (n) < 1. 

So, from (3.18) and (3.17), taking c = max{c m ,c„} we get 

(3.19) B 

Taking infimum over the functions m in 7 i(J) together with (3.15) and (3.16) we 
obtain 

a-^s) - a^is) > -ce(l + s) + 0(5). 

Letting (5 — >• we get 

(3.20) a- 1 (s)-ao 1 (s) > -ce(l + s). 

In a similar way, interchanging the roles of a e and ao we obtain the inequality 

(3.21) a £ - 1 (s)-a - 1 (s)<ce(l + s). 
From equations (3.20) and (3.21) it follows that 

(3.22) \a e (s) - a (s)\ < ce(l + s)a e (s)a (s). 
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By using Lemma 3.3 we can bound the expression (3.22) as 

|a e (s) — «o( s )| < c(min{mZ , nZ }/i2) (1 + s)r(s) 2 e. 

where r(s) is given by (3.8) and p,2 is the second eigenvalue of the Dirichlct 
p— Laplacian. 

From the convergence of a e together with (1.5) it follows the convergence of /3 e 
and of the whole curve. □ 

The proof of Theorem 2.1, where general weights are considered, is analogous 
to that of Theorem 2.6 but we need a result similar to Theorem 3.1 that works 
without assuming periodicity. It is found in the following theorem. 

Theorem 3.6. Let ft C R N be a bounded domain. Let g £ be a function such that 
< g~ < g £ < g + < +00 for g^ constants and g e — 1 g weakly* in X°°(f2). Then 
for every u £ W ,p (Ci), 

lim / (g £ -g)\u\P = 

where 1 < p < +00. 

Proof. The weak* convergence of g £ in L°°(f2) says that f n g £ *f — > fadf f° r a ^ 
ip e L 1 (Q.). Particularly, u S W 1,p (f2) implies that \u\ p € W 1 ' 1 ^), it follows that 
|it| p £ L 1 (r2) and the result is proved. □ 

Proof of Theorem 2.1: The argument follows exactly as in the proof of Theorem 
2.6 using the Theorem 3.6 instead of the Theorem 3.1. □ 



4. Neumann boundary conditions 



Let be a bounded domain in R , , iV > 1 with Lipschitz boundary and let 
m,n be two weights satisfying (2.1). We consider the following asymmetric elliptic 
problem with Neumann boundary conditions 



(4.1) 



-A p u = am{x){u+Y- 1 - /3n(x)(u-) p - 1 in O 
p = on SO. 



where denotes the unit exterior normal. 

Let be a weight satisfying (2.1). Now, is a principal eigenvalue of 

= \r{x)\u\ p ~ 2 u in Q 
on dQ 



(4.2) 




with constants as cigenfunctions. Moreover, the positivity of r guaranties that is 
the unique nonnegativc principal eigenvalue, see [19]. 

Consequently, the Fucik spectrum S = S(m, n) clearly contains the lines {0} x M 
and ffi x {0}. We denote by E* = S*(m, n) the set S(m, n) without these two lines. 

In this case, when JV > 1 only a full description of the first nontrivial curve of 
S, which we will denote by C\ = C\{m,n). Moreover, in [5] (see Theorem 6.1) a 
characterization similar to the Dirichlet case is given: 

(4.3) C 1 = {(a( S ),/3(s)),seR + } 
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where a(s) and /3(s) are continuous functions defined by a(s) = c{m,sn), /3(s) = 
sa(s) and c(-, •) is given by 

A(u) 

(4.4) c(m,n) — inf max — ; — -. 

7Gr«e7(J) B{u) 

with J := [0, 1], the functionals A and B given by (f .7), and 

r = {7 G C(J, W 1,p (0)) : 7(0) > and 7(f) < 0}. 

Let m £ and n £ be two functions such that satisfy (2.1) and (2.2). We consider 
the following problem depending on e > 



(4.5) 



-A p u £ = a £ m s {ut) p - 1 - / 9 e n e («;r)*'- 1 in Q 
= on 



As we made with the Dirichlct equation (1.1), we want to study the behavior of 
the first non-trivial curve in the spectrum of (4.5) as e — > 0. When e tends to zero 
in (4.5), according to (2.2) we obtain the following limit equation 



(4.6) 



-ApU = a m (x)(uQ ) p 1 - /3 n Q (x)(u Q ) p 1 in 

= on on. 



Analogously to Theorem 2.1, we obtain the following result of convergence: 

Theorem 4.1. Let m e ,n E satisfying (2.1), and (2.2). Then the first non-trivial 
curve of problem (4.5) 

C{ := d(Tne, Me) - K(.s), e M + } 

converges to the first non-trivial curve of the limit problem (4.6) 

Ci := Ci(m ,n ) = {a (s),(3 (s),s e M + } 
as e — > in i/ie sense that a e (s) — > tto(s), (3 £ (s) — > /?o(s) Vs € R + . 

When the case of periodic homogenization is considered, i.e., m £ (x) = m(x/e) 
and n £ (x) = n(x/e) with m and n Q— periodic functions, Q being the unit cube in 
R , the limit functions mo, no given in (2.2) are equal to the averages of m and n 
over Q, respectively, i.e., mo = m and no = n. Now, like in the Dirichlet case, in 
addition to the convergence of the first non-trivial curve, we obtain the convergence 
rates: 

Theorem 4.2. Let ft C R™, N > 1 be a bounded domain with C 1 boundary. Under 
the same considerations of Theorem J^.l, if the weights m £ andn £ are given in terms 
of Q— periodic functions m,n in the form m £ (x) = m(|) and n £ (x) = ?i(§), for 
each s £ M + we have the following estimate 

\a £ (s) - a (s)\ < c(l + s)t(s)e, \(3 £ (s) - /3 (s)\ < cs(l + s)r(s)e 

where c = c(0,p, m, n) is a constant independent of e and s, and r is given by 
(2.7). 

To prove Theorem 4.2 arguments used in the Dirichlet case fail. This is due to 
the fact that now the functions space is W 1 ^^!) but Theorem 3.1 holds only for 
functions in W ' p {fl). The fact of enlarge the set of test functions is reflected in 
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the need for more regularity of the domain ft. We will prove the following result 
which works with functions belonging to W 1,V (Q). 

Theorem 4.3. Let il C M. N be a bounded domain with C 1 boundary and denote by 
Q to the unit cube in M. N . Let g be a Q— periodic bounded function. Then for every 
u £ W 1,p (fl) there exists a constant c independent of e such that 

< cs\\u\\ w ^.p(u) 
where g = Jq g and 1 < p < +oo. 

Remark 4.4. Unlike to Theorem 3.1, we are not able to compute explicitly the 
constant c in in Theorem 4.3. 




5. Proof of the Neumann results 



We begin this section by proving some auxiliary results that are essential to prove 
Theorem 4.3. The next lemma is a generalization for p > 2 of Olcinik's Lemma 
[26]. 

Lemma 5.1. Let £1 C be a bounded domain with C 1 boundary and, for 5 > 0, 
let Gs be a tubular neighborhood of dCl, i.e. Gg = {x £ f2: dist(x,d£l) < d}. Then 
there exists Sq > such that for every S £ (0, Sq) and every v £ W ' p (Ci) we have 

\Mlp(g s ) < cSp\\v\\ w i. P{n) , 
where c is a constant independent of 5 and v. 

Proof. Let Gs — {x £ tt : dist(x,dtt) < 5}, it follows that Ss = dGs are uniformly 
smooth surfaces. 

By the Sobolev trace Theorem we have 

\\ v \\ P lp(s s ) = / \ v \ PdS ^ c \\ v \\wi-p(n s ) ^ c \\v\\w^p(n) 6 e [Mo], 

where c is a constant independent of 5. Integrating this inequality with respect to 
S we get 

\Wi HG5 )= I (I \v\ p ds)dT<c5\\v\\ P wl:Pm 
and the Lemma is proved. □ 

The next Theorem is essential to estimate the rate of convergence of the eigenval- 
ues since it allows us to replace an integral involving a rapidly oscillating function 
with one that involves its average in the unit cube. First, we need an easy Lemma 
that computes the Poincare constant on the cube of side e in terms of the Poincarc 
constant of the unit cube. Although this result is well known and its proof follows 
directly by a change of variables, we choose to include it for the sake of complete- 
ness. 

Lemma 5.2. Let Q be the unit cube in WL N and let c p be the Poincare constant in 
the unit cube in L p , i.e. 

\\ u - ( u )q\\lp(Q) < Cp\\Vu\\ L e( Q ), for every u £ W 1 ' P {Q), 
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where (u)q is the average of u in Q. Then, for every u £ W l p {Q £ ) we have 
\\u - {u) Qf \\lp(q s ) < c p e\\ Vu\\ LP ( Qe) , 

where Q £ = eQ. 

Proof. Let u £ W 1 ' P (Q E ). We can assume that {u)q c = 0. Now, if we denote 
u e{y) = u { e u)i we have that u e £ W 1 ' P (Q) and by the change of variables formula, 
we get 

/ \u\p = f \u e \ p e n < c p e n f \Vu E \ p = c p e p f \Vu\ p . 

Jq c Jq Jq JQc 

The proof is now complete. □ 

Theorem 5.3. Let C R be a bounded domain with smooth boundary and denote 
by Q the unit cube in R JV . Let g be a Q -periodic bounded function such that (g)Q = 
0. Then the inequality 



g ( - ) uv 



< ce||w||wi,p(o)||w|| iy i, P ' (n) 



g e uv = ; g £ uv + / g £ uv 



holds for every u £ W 1,p (fl) and v G W 1,p (Ct), where c is a constant independent 
of e, u, v and p, p' are conjugate exponents. 

Proof. Denote by I £ the set of all z £ Z N such that Q z ,e '■= s(z + Q) C f2. Set 
ill = {J z£l s Qz,e an d G = fi \ f2i. Let us consider the functions v and u given by 
the formulas 

v(x) — — J v(x)dx, u(x) = — I u(x)dx 
for x £ Q z ,e- Then we have 



(5.1) 

G 

The set G is a ^-neighborhood of dVl with 5 = ce for some constant c, and therefore 
according to Lemma 5.1 we have 

, , \\u\\lp(G) < cev\\u\\ W i,pm) 

(5.2) , 

||w|| L p'(G) ^ c£p ' \\ v \\w^'(n)- 

As g is bounded, we get 

(5-3) / g £ uv < c\\u\\ LP{G) \\v\\ LP , {G) <ce\\u\\ w i, Pm \\v\\ wl , p , {n) . 

•J G 

Now, by Lema 5.2 we get 
(5.4) 



g £ uv + / g E (u — u)v+ / g E u(v — v) + / g e vu. 



\u-u\\ LP(ni) 



J2 [ \u-u\ p dx) <c p elj2 I \Vu{x)\ p dx 



Cper||Vu|| iP(ni ). 
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Analogously 

(5-5) ||« - v\\ LP > {ni) < Cp'£||Vw|| it ,' (ni) 

By the definition of u(x) we get 

< e n ~ np \Qz,e\ P,P ' I \ U \ P = e n - np+np/p ' I 



(5.6) 



i'li 



K = IMIlp^!)- 

Finally, since (g)Q 1 = and since g is Q— periodic, we get 
(5.7) / g e uv = E " S / 9e= °' 

Now, combining (5.3), (5.4), (5.5), (5.6) and (5.7) we can bound (5.1) by 

g e uv < Ce\\u\\ w i,pr n )\\v\\ w i, p ' (n) . 

n 

This finishes the proof. □ 

Now we are ready to proof Theorem 4.3: 

Proof of Theorem 4-3: The result follows applying Theorem 5.3 to g e = g t — g and 
taking v = 1. □ 



Remark 5.4. Let us observe that u € W 1,p (Vl) is solution of equation (4.1) if and 
only if u is solution of equation 

(5.8) - Apu + miu+f- 1 +n(u-) p - 1 = am(u + ) p - 1 - pn(u~) p - 1 in fi. 

with Neumann boundary conditions, where a — a — 1 and /3 = (3 + 1. The main 
advantage between consider equations (4.1) and (5.8) is the fact that in the second 
one the functional A(u) defined in (1.7) becomes in 

(5.9) A m ,„(«)= f \\7u\ p + m{u+) p + n{u-) p dx, 
which involves both Vit and the function u. 



Proof of Theorem 4-2: The proof is similar to that of Theorem 2.6 for the Dirichlct 
case. According to Remark 5.4 we consider equation (5.8). Let (& e ,f3 E ) be a point 
belonging to the curve Cf(m e , n E ) and let (a , /3o) be the point obtained when e — > 0. 
It follows that (fio,/3o) belongs to the spectrum of the limit equation. Let us see 
that it belongs to C(m, n). The main difference is that in the characterization (4.4) 
of c(m e ,n £ ), now we are considering 

r = { 7 6 C( J, W 1,p (0)) : 7(0) > and 7 (1) < 0}. 
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with J := [0, 1]. Fixed a value of e > we write 

(5.10) c(m g ,» £ ) = infsup A ™^\ . 

By (1.5) and (5.10) we have the following characterization of a e (s) 

(5.11) & e (s) = c(m e ,sn e ) = inf sup . 

76r uS7 J> mtiSBt (u) 

Similarly, we can consider an equation analog to (5.11) for the representation of 
ao(s). Let 6 > and 71 = 71 (6) <G T such that 

(5.12) a (s)=sup +0(6). 

In order to find a bound for a e we use 71 € T, which is admissible in its variational 
characterization, 

lr .01 - / \ ^ A m sn (u) fim.snf") 

(5. Id) ct E (s) < sup 



To bound <S e we look for bounds of the two quotients in (5.13). Since u £ W 1,p (rt), 
by Theorem 4.3 we obtain that 

A me .n c ( u ) < ^m,n(w) , c£|||u + | p || w i,i (n ) +ce|||u-|P|| w ,i,i (n) 



-E$m,sn (^0 ^m,sn (^) ^m,sn (^) 

For every function ii € 71 we have that 

(5.14) ,/ < sup ' V = oo(a) + 0(<J). 

By using Young inequality, for each v <G W x ' p (£l) 

IlkHlw 1 - 1 ^) = IIM^U 1 ^) +P\\\ v \ P ~ 1 ^ v \\L 1 (n) 

(5.15) = IbllL^+Pllkr'VwIU^n) 

<Pll«IIWi) + H Vw ll^(n)- 

From (5.15) it follows that 

IIKNIw^Cn) < Pll u+ llL*(n) + llV« + llk (n ) 



-^m,n (^) 



< c- 



(5.16) 4, s «(«) 

-<4m,n(w) 



< c sup 
= c(a (s) + O{6)), 



and similarly 



(5.17) '"V "7-; (n) <c(a ( a ) + Qffl). 
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To bound the second quotient in (5.13), we use again Theorem 4.3 and (2.1) to 
obtain 



(5.18) 



and similarly 



^m e ,sn E (^) ^m E ,sn e 

Bm £ ,sn £ (^) 









,sn e (u) 


\\\u+\p 


\\w^(n) 


Bm 


,sn{u) 


\\\u-\- 





Lsn\u-\P Lsn E \u+\P 

(5.19) ^ ' — J-r- < ^ — ^-py + sce 

Now, from equations (5. 18), (5. 19) together with (5.16) and (5.17) we get 

Bfh,sn(u) _ f n m\u + \ p + J n sn\u-\ p 

(5.20) B rn E .sn E 

< l + (l + s)ce(a (s) + O(8)). 
Then combining (5. 13), (5.16), (5. 17) and (5.20) we find that 

a s (s) < ((fi («) + 0(6)) + ce(a (s) + 0(6))) (1 + (1 + s)ce(a (s) + 0(5))) . 
Letting (5 — s- we get 

(5.21) a E (s) ~ a (s) < ce(&l(l + s) + a ). 

In a similar way, interchanging the roles of So and a E , we obtain 

(5.22) a (s) - & e (s) < ce(a 2 £ (l + s) + a E ). 
From (5.21) and (5.22) we arrive at 

|ao(s) — a e (s)| < ce(l + s) max{ao(s) 2 , a E (s) 2 }. 
Now, using Lemma 3.3, 

\a E (s) - a (s)\ < c(l + s)r(s) 2 £ , 

where c is a constant independent of e and s, and t(s) is given by (3.8). Here, 
Lemma 3.3 holds in the Neumann case, but now we have 

a(s) < minjmZ 1 , nl 1 }/i2'7"(s), (3(s) < minimi 1 , nZ 1 }/Lt2sr(,s) 

with /i2 the second eigenvalue of the p— Laplacian equation on Q with Neumann 
boundary conditions. From the convergence of a E and (1.5) it follows the conver- 
gence of (3 E and of the whole curve. □ 

Proof of Theorem 4-T. As Theorem 3.6 holds for functions belonging to W 1,P (Q) 
with f2 any bounded domain in M. N , this proof is analogous to those of Theorem 
2.1. □ 
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